Prequency-up conversion and quantum swap gate in an optical cavity with atomic 
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A scheme is presented for realizing frequency-up conversion and a two-qubit quantum swap gate 
for intracavity fields. In the scheme, a V-type atomic ensemble prepared in their ground states 
collectively mediates the interaction between the two cavity modes. Under certain conditions, the 
cavity-field degree of freedom is decoupled from the atomic degrees of freedom, and the effective 
coupling strength between the two cavity modes scales up with yN (N is the number of atoms). 
The numerical simulation shows that the quantum swap gate still has a high fidelity under the 
influence of the atomic spontaneous emission and the decay of the cavity modes. 



I. INTRODUCTION 

Cavity quantum electrodynamics (QED) devices hold 
great promise as basic tools for quantum networks [1| 
since they provide an interface between computation and 
communication, i.e., between atoms and photons. In this 
context, it is a very important task to coherently manip- 
ulate and control quantum state of not only the atom but 
also the intracavity fields. Throughout the last decade, in 
cavity QED including the microwave and optical regimes 
many efforts have been devoted to generation of entan- 
gled states, nonclassical states, and the implementation 
of quantum logical gates for cavity fields. Some rele- 
vant examples are Schrodinger cat state Q, Fock state 
of a single-mode cavity field the maximally entan- 
gled state of two cavity modes Q, pair coherent states 
and 5(7(2) coherent states @. In fact, three different 
schemes were proposed to realize a quantum phase gate 
of two intracavity modes in which a single atom with 
S-type [f|, V- type Q, or A- type [|[ configuration me- 
diated the interaction between them. Recently, Serra et 
al. 0] and Zou et al. [l(| showed the methods for real- 
izing frequency up- and down-conversions in a two-mode 
microwave cavity based on dispersive interaction and res- 
onant interaction, respectively. 

Most of the schemes mentioned above are based on 
the interaction of single atoms and the cavity fields. In 
the past few years, many interesting schemes have been 
proposed that use atomic ensembles with a large num- 
ber of identical atoms placed in an optical cavity as the 
basic system for quantum state en gine ering and quan- 
tum information processing 

[HI El III 0- In particu- 
lar, several experiments have been reported about con- 
tinuous variable entanglement using cold atoms [l5| and 
the photon statistics of the light emitted from an atomic 
ensemble into a single cavity mode 16]. Theoretically, 
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some schemes have also been proposed for realizing fre- 
quency down-conversions — two- mode field squeezing us- 
ing atomic ensemble as medium |17| and carrying out 
quantum phase-gate operation for two single photons us- 
ing an V-type atomic ensemble trapped in an optical 
cavity fl8ll or an M-type atomic ensemble trapped in a 
gas cell [19| . The above schemes based on atomic ensem- 
bles have some special advantages compared with those 
based on the control of single atoms: first, laser manipu- 
lation of atomic ensembles without separately addressing 
the individual atoms is normally easier than the coherent 
control of single particles; second, and more important, 
atomic ensembles could have some kinds of collectively 
enhanced coupling to certain optical mode due to the 
many-atom interference effects. 

In this paper, we present a method that realizes fre- 
quency up-conversions and a quantum swap gate for two 
cavity modes with a V-type atomic ensemble in an op- 
tical cavity. In the scheme, the cavity-field degree of 
freedom is decoupled from the atomic degrees of freedom 
and the effective coupling strength scales up with ^fN 
(here N is the number of atoms). The scheme is ro- 
bust against decoherence processes, such as spontaneous 
emission, and does not require a strong coupling regime 
or precise atomic localization. The numerical simulation 
shows that the swap gate has high fidelity and small er- 
ror rate under the influence of the atomic spontaneous 
emission and the decay of the cavity modes. 



II. THE FUNDAMENTAL MODEL AND 
REALIZATION OF FREQUENCY-UP 
CONVERSION 



Our model consists of an ensemble of N identical V- 
type atoms inside a two-mode optical cavity. The con- 
crete atomic level structure and relevant transitions are 
shown in Fig. 1. Each atom has a stable ground state 
\g) and two excited states |ei) and \&2). The transition 
\gj) «-> \eji) (\gj) <-> \ej2)) of the jth atom couples to 
the cavity mode a (b) with coupling strength gj a (gjb). 
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where 



toe'* 




FIG. 1: (Color online) Configuration of the atomic level struc- 
ture and relevant transitions. The states |ei) and |e2) corre- 
spond to two excited states while \g) is a stable ground state. 
The transitions \g) <-> |ei) and \g) <-> \e2) of each atom couple 
to the cavity modes a and 6 with coupling strengths g a and 
gb, respectively. Simultaneously the external laser field with 
Rabi frequency Qe 1 ^ drives the Raman transition |ei) <-> |e2). 

while laser field with Rabi frequency fljje l ^ j drives the 
transition \ej±) «-> \ej2) (ftjje l ^ j can be realized by using 
a two-photon Raman transition via level \gj), or a fourth 
level [20]). The Hamiltonian for the whole system in the 
interaction picture can be written as 

Hi = H cav + Hrf a , (1) 

N 

with.H cav = J2(9jaa\eji) {9j\+gjbb\ej 2 ) (gj\)+H.c. and 

3=1 

N 

H cla = £fi j e i ^|e J - 2 )(e jl |+.H'.c.. 

3=1 

After defining the new atomic basis \+j) = ( + 
e*+* |e j2 ))/V2, = ( \e jX ) - e»> \e j2 ))/y/2 & one 

N 

can rewrite H cav and H cta as H cav = (ttj a ( l+j) + 

3=1 

l-i)) fel + £2 ^? lfo ( l+i>-|-J» and ff cto = 

iv 

J] fl 3 (\+)j (+| - 1-)^ <-|). The time evolution of this 

3=1 

system is decided by Schrodinger's equation 



N 

+ e^* |+i> - e-^' I-,-)) + H.c. 

(5) 

Assuming that all atoms are initially in the ground 
state YijLi an< ^ 

n 3 ^^N\g ja \,VN\g jb \, (6) 

we neglect the effect of rapidly oscillating terms. Using 
the time-averaging method of Ref. [22|, [23[ , we can fur- 
ther reduce Hu to an effective interaction Hamiltonian 



N 

H eff = -(&b + etfa)l[\g j )(g j \, (7) 
3=1 

N , . -i^ 

where £ = X ^"^sT is the effective coupling con- 

3=1 

stant. Eq. (7) is the expected frequency up-conversion 
process, which belongs to a group of nonlinear phenom- 
ena of great practical importance and also has very in- 
teresting theoretical aspects (24|. Compared with the 
previous theoretical protocols for realizing frequency up- 
conversion with an atom in a microwave cavity [9|, 1 1 01 ] , 
the effective coupling constant £ in our scheme scales with 
y/N though the Rabi frequency of laser field flj should 
satisfy the conditions in Eq. (6). In principle we can ob- 
tain a desired coupling strength as long as enough atoms 
simultaneously interact with the cavity modes and laser 
field. 



III. QUANTUM SWAP GATE 



i[d\9(t)) /dt]=Hi\Hf(t)). 
After performing the unitary transformation 



|¥(t)) = e- iH ^ 1 *'(t)\ 



one can obtain 



i[d * {t))/dt]=H n *(*)), 



(2) 



(3) 



(4) 



Next we will show in detail the implementation of a 
quantum swap gate based on Eq. (7). Suppose that the 
zero- and one-photon Fock states of two different polar- 
ization (or different frequency) modes of the radiation 
field inside the cavity represent two logical states of a 
qubit. When the atoms are initially prepared in their 
ground states rX/ = i \dj) through optical pumping [l4| 
and are driven by the two cavity modes and the appropri- 
ate laser field (Fig. 1), the time evolution of four logical 
states for two qubits, under the effective Hamiltonian in 
Eq. (7), are given by 
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Coo |*6» ® |0) |0) + Uti \9j) ® (fco |2) |0) + 5 02 |0) |2)), 



|0)|0)-|0)|0), 

|0)|l)-^cos(Ct)|0)|l)+*Bin(et)|l>|0), 
|l)|0)^cos(Ct)|l)|0)+isin(^)|0)|l), 

|1) |1> -> cos(2£i) |1) |1) +tsin(2£t)(|2) |0) + |0) |2))/A 

(8) 

where we have assumed £ is real without loss of generality. 



After the effective interaction time t = one has 



|0) |0) 
|1)|0) 



10) |0) , 
i |0> |1> 



|0)|1) 

11)11) 



|0>, 

-11)11) 



(9) 



which represent a swap gate operation, apart from phase 
factors that can be eliminated by an appropriate setting 
of the phase of subsequent logic operations [25[ • We note 
that the swap gate is not a required composition of el- 
ementary gates from a universal set for quantum com- 
putation, which can be decomposed into three quantum 
phase gates and six Hadamard gates [H, [27| ■ Our aim 
for the direct construction of a specific gate- swap gate is 
to reduce the number of required physical logical gates in 
practical quantum information processes. We also note 
that Sangouard et al. [26| and Yavuz [28| have proposed 
the scheme for direct swap gate for the atoms by adia- 
batic passage and for the photons by using electromag- 
netically induced transparency, respectively. 

In the following, we analyze the fidelity of the swap 
gate and the photon loss during the gate operation. 
We suppose that no photon is detected either by the 
atomic spontaneous emission or by the leakage of a pho- 
ton through the cavity mirrors. The evolution of the 
system is governed by the non-Hermitian Hamiltonian 



. N 2 

Hj = Hi - ^ ^ 7 m \e jm ) (e jm \ - -{n a a)a + K b tfb), 

j—1 m—1 

( 10 ) 

where n a and Kb denote the decay rate of the cavity 
mode fields a and b, 7 m is spontaneous emission rate 
of the excited state \e m ). For the sake of convenience, 
we assume K a = n b = k, j x = j 2 = 7s, « = 7s, 
9ja = 9jb = 9, and flj = Q in the following numerical 



simulations [30j], so it can be seen £ 



If the 



initial state of the atom-cavity system is prepared in 

l*(0)> = nil ® (10) |0> + |0> |1) + |1) |0) + |1) |l))/2, 
after the effective interaction time t = & under the 
non-Hermitian Hamiltonian in Eq. (10), the condi- 
tional state can be described by ^(tj)) = nil \dj) ® 
(aoo|0)|0) + a O i|0)|l) + a 10 |l)|0) + «n|l)|l)) + 
® (A»|0)|0) + /3io|l)|0) + A,i|0)|l)) + |$ 2 ) ® 
(?7oo |0) \Q)+mo |1) 10)+%! |0) |l)) + (Coo |* 3 ) + Xoo |**) + 



here liq) 



N 

7Tf E \ e nl, 



VN 



N 



1*2 



= |e«2> 



nil 



1*4) 



Vn 

n—l 

N N 
E knl)® E \ e ™,2 

N 

^nIn-i) £ |enl) 



® ^=1,^ \9i) , 
,&n\9j), l*3> = 

®ni 



nil 



\9j 



/-I,/--",/ <» ■''•'/» l $5 ) - y/N(N-l) ^ 



JV 

E l e ^i) 

m— l,m/n 
AT 

E 1^) 



11.7=1,. 



|.9j). So the photon 



E I e m2) 
m=l,m^n 

loss due to quantum jump can be calculated by 
P ioss = 1 - I ¥(*/)). Fig. 2 (a) plots the 

numerical calculation of the photon loss as a func- 
tion of g/n. The fidelity of the swap gate, which 
depends on the initially state of the system, is an 
efficient measure of the distance between the quan- 
tum logic gates. We define the fidelity (F) of the 



swap gate as f = |(\& 



ideal I * out 



where \^ ide 



U — 



nib) ® (|0)|0) + i|l)|0) + i|0)|l) - |l)|l»/2 
refers to the state of the system in the ideal case after 
the gate operation for the initial state ^(O)), and 
\^ out ) = since we have assumed 

that no quantum jump actually occurs during our 
implementation of the scheme [29]]. As shown in Fig. 2 
(b), the swap gate has high fidelity even if the strongly 
coupled condition is not satisfied. 



IV. DISCUSSION AND CONCLUSION 



In an optical cavity, the coupling strengths <? ja , g^, and 
Clj depend on the position r of atom j. However, in pres- 
ence of a large number of atoms, due to the many-atom 
interference effects resulting in the atoms collectively en- 
hanced coupling to certain optical mode, it is possible to 
estimate that even for a high effective coupled parameter 
£ and does not require a strong coupling regime or pre- 
cise atomic localization inside a wavelength [l7| . which 
is important for current experimental technique. In our 
scheme the atoms are prepared in their ground states 
nil ISi) an d 110 atomic transition is required. Thus our 
scheme is robust against atomic spontaneous emission. 

Next we briefly address the experimental feasibility of 
the proposed scheme. We consider a low density vapor 
of 85 Rb in an optical cavity. The required atomic level 
configuration can be chosen from the hyperfine states of 
85 Rb. For instance, the lower level \g) is the F = 2 hy- 
perfine state of the 5Si/ 2 electronic ground state, while 
|ei) and fa) are the F = 3 hyperfine states of the 5P 3 / 2 
electronic excited states, respectively. Using the cavity 
parameters of Ref [3l|, we have the waist of the cav- 
ity modes u> ~ 35/xm, the waist of the homogeneous 
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0.9950 r 




4 6 

g/K 



FIG. 2: (Color online) Photon loss and fidelity of the phase gate vs g/n in (a) and (b), respectively. Other common parameters: 
« = 7a, 9ja =g jb =g,N = 4x 10 4 , Q = 20y/Ng. 



classical laser beam d ~ 50/ito, and (g, k,j s )/2tt ~ 
(16, 1.4,3)MiJz. With the choices of AT = 4 x 10 4 and 
Q = 20y/Ng, we obtain an approximate atom number 
density of 0.8 x 10 12 /cto 3 (small enough to prevent co- 
herence losses due to collisions), and the effective cou- 
pling constant £ ~ lOg. Thus the swap gate operation 
time is t ~ 1.6ns, which is much smaller than the photon 
lifetime t c ~ 1/k ~ 0.2/xs. Hence, our scheme fits well 
the status of current experimental technology. 

In summary, we have proposed a scheme to realize 
frequency-up conversion and a swap gate for intracavity 
fields with atomic ensemble. In our scheme, the atoms 
collectively enhance coupling strength to the intracav- 
ity fields due to the many-atom interference effects. In 
presence of a large number of atoms, our scheme may 



relax the requirements of the strong-coupling condition 
and Lamb-Dicke limit, which is important for current ex- 
perimental technique. We also discuss the fidelity of the 
swap gate and the probability of the photon loss under 
the influence of the atomic spontaneous emission and the 
decay of the cavity modes. It is shown that the swap gate 
has a high fidelity and small error rate. 
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